A three-stage thermal stimulation of thermoluminescence is studied. Three assumed conditions are applied to this model and the analytical expressions are compared with the numerical results. For condition 1: effective activation energy, Eeff ≈ E1 + E2 + E3, effective frequency factor, seff ≈ s2s3/p2 and effective retrapping probability coefficient, An,eff ≈ An. The expected Eeff is obtained. For condition 2: Eeff ≈ E1 + E2, seff ≈ (s1s2/p1)exp(E3/kT) and An,eff ≈ (p2/s3)exp(E3/kT)An. In this case, Eeff reduces from 'E1 + E2 + E3' to 'E1 + E2' as a result of the exponential temperature dependence on seff. For condition 3: Eeff ≈ E1, seff ≈ s1exp[(E2 + E3)/kT] and An,eff ≈ (p1p2/s2s3)exp[(E2 + E3)/kT]An. The obtained Eeff reduces from 'E1 + E2 + E3' to 'E1' as a result of the exponential temperature dependence on seff. From the first-order kinetics, the numerical results were found to be in very good agreement with the analytical expressions. From the second-order kinetics, the numerical results did not agree with analytical expressions and explanation has been offered. In the assumed conditions 2 and 3, the exponential temperature dependence on An,eff did not affect the shape of the TL peak provided the chosen trapping parameters were within the confine of the assumed conditions. Evaluation of life-time of the excited signal to determine its stability is considered.
Introduction
Thermoluminescence (TL) and optically simulated luminescence (OSL) have been found to have useful applications in dating of archaeological and geological specimens and in dosimetry (Huntley et al. (1985) ; McKeever (1985) ; Bulur (1996) ; Chen (1997) ; Zahedifar et al. (2011) ). Many authors have actually worked on either thermoluminescence (TL) or thermally assisted-optically stimulated luminescence (TA-OSL). Some of these authors include: Chen et al. (2012) worked on a two-stage thermal stimulation of TL; Pagonis et al. (2013) worked on a simplified semi-localized transition (STL) model which was similar to a two-stage thermal stimulation of TL but they introduced a non-radiative transition (LB); Chen and Pagonis (2013a) worked on modeling TL-like TA-OSL; Chen and Pagonis (2014) worked on the role of simulations in the study of TL and Chen and Pagonis (2015) studied the stability of the TL and OSL signals.
In the work of Hutt et al. (1988) , they reported that the use of infra-red (IR) in feldspars to stimulate electrons from the deep trap to the conduction band could not be achieved except through the use of thermal assistance. In this case, the infra-red could only raise the electrons from the ground state to the excited state while the thermal excitation helped in raising the electrons from the excited state into the conduction band. In the same vein, we try to consider a situation in which the trap is deep and thermal stimulation elevates the electrons from the ground state to the excited state. Further thermal excitation cannot raise the electrons from the excited state into the conduction band. This gives room for the electrons to be thermally excited again thus leading to a three-stage thermal stimulation of thermoluminescence. Therefore, a three-stage thermal stimulation of TL is a process whereby the electrons are raised thermally from the deep trap to the first excited state and they are elevated thermally from the first excited state to the second excited state. In the second excited state, electrons are thermally raised into the conduction band. In the conduction band, the electrons can either be retrapped into the second excited state or recombine with holes at the centre to produce thermoluminescence. This paper intends to focus on: how to numerically solve the set of simultaneous differential equations generated from the model; to obtain different analytical expressions when assumed conditions are applied to the model; evaluation of kinetic parameters: activation energies and frequency factors; comparison of numerical results with analytical expressions; how the exponential temperature dependence on An,eff affects the shape of the TL peak and evaluation of lifetime of the excited signal to determine its stability. Fig.1 shows the three-stage energy band model. These three stages are stimulated thermally. It is made up of ground state and two excited states. The first excited state is denoted as ne1 and the second excited state is denoted as ne2. The trapping state with concentration N (cm 3 ), instantaneous occupancy n (cm 3 ) and the conduction band are also displayed in fig.1 . The activation energy required to stimulate the electrons thermally from the ground state to first excited state, ne1 is E (eV) and the frequency factor is s1 (s -1 ). At the first excited state, ne1, the electrons can either be retrapped into the ground state with a probability of p1 (s -1 ) or there exists a probability of the electrons thermally raised into the second excited state with activation energy, E2 (eV) and frequency factor, s2 (s -1 ). It must be noted that since the trap is deep, the first thermal excitation is unable to raise the electrons from the first excited state to the conduction band and as such it requires that electrons should be re-stimulated thermally. At the second excited state, ne2, the electrons can be raised thermally with an activation energy, E3 and frequency factor, s2 (s -1 ) into the conduction band. On reaching the conduction band, the electrons can either be retrapped into the second excited state with a retrapping probability coefficient of An (cm 3 s -1 ) or recombine with the hole at the centre with a recombination probability coefficient of Am (cm 3 s -1 ). It is this recombination process (hole and electrons) that produces TL photons with an instantaneous intensity, I. When the initial excitation by irradiation is completed, it is expected that the number of trapped holes (m0) must be equal to the total number of trapped electrons (n0 + ne10 + ne20 + nc0). But since the excitation is carried out at relatively low temperature, the sum of ne10, ne20 and nc0 is always very small, therefore, the number of trapped holes is approximately the total number of trapped electrons i.e. m0 ≈ n0. This model uses the detailed-balance principle and neglects the electronic degeneracies which states that in the first transition, the value of the frequency factor, s1, must be equal to the value of the retrapping probability, i.e. s1 = p1, according to Halperin and Braner (1960) . 
Model
Three assumed conditions i.e condition 1: p1 >> s2exp(-E2/kT) and p2 >> s3exp(-E3/kT); condition 2: p1 >> s2exp(-E2/kT) and p2 << s3exp(-E3/kT) and condition 3: p1 << s2exp(-E2/kT) and p2 << s3exp(-E3/kT) are applied to eqs. (15) and (16) 
Putting eqs. (20) and (23) into eq. (14), we have
Condition 2: p1 >> s2exp(-E2/kT) and p2 << s3exp(-E3/kT) From eq. (17), if p1 >> s2exp(-E2/kT), eq. (18) 
Condition 3: p1 << s2exp(-E2/kT) and p2 << s3exp(-E3/kT) Factorizing eq. (15) 
Putting eqs. (31) and (34) into eq. (14), we have
Numerical Results and Discussion
The set of differential equations (1) -(5) generated from the model was solved numerically by using suitably chosen sets of trapping parameters. The numerical solution was obtained using ode 15s MATLAB solver. The heating rate of 1Ks -1 was employed in all the stimulation carried out. From the obtained peak shapes, different parameters are calculated such as symmetry factors, activation energies and frequency factors. These parameters are calculated using different formulae proposed by Chen (1969) . These are the following formulae used:
For the symmetry factor, μg
Where δ =T2 -Tm and ω = T2 -T1; T1 is the low temperature of half intensity, T2 is the high temperature of half intensity and Tm is the temperature at maximum intensity. Note that for a symmetry factor μg ≈ 0.42; the glow peak is a typical first-order peak while for a symmetry factor μg ≈ 0.52; the glow peak is a typical second-order peak.
ii. For effective activation energy, Eeff, for first-order peak:
iii.
For effective activation energy, Eeff, for second-order peak:
For frequency factor, s:
Where E is the activation energy and b is order of kinetics. Other parameters have their usual meaning as earlier stated above.
The set of parameters used in fig. 2 (a) are : E1 = 0.7eV, E2 = 0.5eV, E3 = 0.3eV s1 = 10 11 s -1 , s1 = p1, s2 = 10 9 s -1 , s3 = 10 8 s -1 , p2 = 10 10 s -1 An = 10 -12 cm 3 s -1 , Am = 10 -7 cm 3 s -1 , N = 1.1 x10 10 cm -3 , n0 = m0 =10 10 cm -3 , ne10 = ne20 = 0 and nc0 = 0. From the carefully chosen parameters, the recombination probability coefficient was significantly higher than the retrapping probability coefficient by 5 orders of magnitude, such that the first order peak will be obtained. The obtained peak looks like a typical first-order TL peak with symmetry factor, μg ≈ 0.43. Using eq. (37), the effective activation energy, Eeff obtained was 1.5eV and using eq. (39), the effective frequency factor, seff obtained was 1.0 x 10 7 s -1 . In order to examine the kinetic parameters analytically, using eq. (24), Eeff ≈ E1 + E2 + E3 ≈ 1.5eV and calculating seff using eq. (20), we have Seff ≈ 1.0 x 10 7 s -1 . The numerical results were found to be in good agreement with analytical results or expressions. The effective retrapping probability coefficient An,eff was approximately the retrapping probability coefficient. An,eff was independent of the exponential temperature and as such the required effective activation energy, Eeff (E1 + E2 + E3) was obtained. Fig. 2(b) uses the same set of trapping parameters as in fig. 2(a) except that the retrapping probability coefficient was slightly higher than the recombination probability coefficient i.e. (An = Akpan Dianabasi, Ekanem Akanimo, and Ebiang Basil / Journal of Luminescence and Applications (2017) Vol. 4 No. 1 pp. 10-29 19 10 -8 and Am = 10 -10 cm 3 s -1 ). This was carefully chosen in order to obtain a second-order TL peak. Using eq. (36), the TL peak obtained looks like a typical second-order with μg ≈ 0.54. Using eq. (38), Eeff ≈ 0.89eV and using eq. (39), seff ≈ 2.0 x 10 2 s -1 . Both the obtained Eeff and Seff failed below the expected results and as such the numerical results did not agree with the analytical expressions. In this case, the rate of retrapping was less greater than the rate of recombination. At high temperature range, more of the electrons leave the trap and are accumulated at the conduction band since the retrapping and recombination probability coefficients are relatively low. Moreover, at high temperature side, m ≈ nc and the TL peak obtained will have a long tail at the high temperature side (Chen and Pagonis (2013b) ). According to Sunta et al. (2002) , at high temperature region, the quasi-equilibrium condition becomes less satisfied and kinetic parameters measured yield incorrect results. This is the reason the effective activation energy and frequency factor obtained had low values. Fig. 2(a) . Simulated result of a TL peak using eqs.
(1) -(5). The trapping parameters used are E1 = 0.7eV, E2 = 0.5eV, E3 = 0.3eV s1 = 10 11 s -1 , s1 = p1, s2 = 10 9 s -1 , s3 = 10 8 s -1 , p2 = 10 10 s -1 An = 10 -12 cm 3 s -1 , Am = 10 -7 cm 3 s -1 , N = 1.1 x10 10 cm -3 , n0 = m0 =10 10 cm -3 , ne10 = ne20 = 0 and nc0 = 0. 3(b) . Simulated result of a TL peak using eqs.
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(1) -(5). The same set of parameters was used as in fig. 3 (a) except that An = 10 -2 cm 3 s -1 was significantly higher than Am = 10 -11 cm 3 s -1 .
Another set of simulation is shown in fig. 3 (a) which uses the same set of parameters as in fig. 2 (a) except s2 = 10 8 s -1 , s3 = 10 14 s -1 and p2 = 10 5 s -1 . The peak obtained was a typical first-order TL peak with μg ≈ 0.42. The kinetic parameters obtained were Eeff ≈ 1.2eV and seff ≈ 1.0 x 10 8 s -1 . From the analytical expression (i.e. eq. (28)), Eeff was the sum of E1 and E2 and seff was approximately s2. The obtained numerical results were found to be in good harmony with the analytical expression. The exponential temperature dependence on seff reduces Eeff from 'E1 + E2 + E3' to 'E1 + E2'. However, seff also reduces to s2. A strange behavior was obtained in which the effective retrapping probability coefficient was dependent on the exponential temperature. Fig. 3(b) depicts the glow curve obtained using the same set of parameters as in fig. 3 (a) except that retrapping probability coefficient was significantly higher than the recombination probability coefficient by 9 orders of magnitude (i.e. An = 10 -2 and Am = 10 -11 cm 3 s -1 ). The peak obtained was a typical second-order TL peak with μg ≈ 0.52. Other results obtained were Eeff ≈ 0.9eV and seff ≈ 1.7 x 10 4 s -1 . The numerically obtained Eeff and seff were not in good agreement with the analytical expression of eq. (28). Both Eeff and seff failed below the expected values. The reasons for the low values of Eeff and seff could be attributed to high retrapping effect. The increase in retrapping effect is a result of increase in density of empty traps which are available for retrapping (Ogundare and Chithambo (2006) ). When the glow curve shifts to a high temperature side and in this region, quasiequilibrium condition applied becomes less satisfied (Sunta et al. (2002) ), therefore the kinetic parameters calculated by using any method may be inaccurate. In a one trap-one recombination centre model (OTOR), Bräunlich (1967) and Sunta et al. (1999) had pointed out that if retrapping effect is strong and traps are filled to saturation, the methods used such as peak-shape and initialrise would yield low values of effective activation energy. Although they did not mention the effect of the effective frequency factor but there is a high tendency that seff would be influenced as long as the effective activation energy is affected.
Another glow curve is displayed in fig. 4 (a) which uses the same set of parameters as in fig. 2(a) except that s1 = 10 6 s -1 , s2 = 10 14 s -1 , s3 = 10 13 s -1 and p2 = 10 5 s -1 . The peak shown in fig. 4(a) is like a typical first-order TL peak and it has a symmetry factor of 0.43. Other results obtained were Eeff ≈ 0.7eV and seff ≈ 1.0 x 10 6 s -1 . From eq. (35) of the analytical expression, we have Eeff ≈ E1 and seff ≈ s1. The numerical simulated results were found to be in good agreement with analytical expressions. In this case, a strange behavior was observed from eqs. (31) and (34) where seff and An,eff respectively were dependent on the exponential temperature. The dependency of exponential temperature on seff reduces Eeff from 'E1 + E2 + E3' to 'E1'. Also, seff reduces to s1 as seen in eq. (35). Similar results were obtained from a two-stage thermal stimulation of TL of Chen et al. (2012) when s2exp(-E2/kT) >> p was assumed. As seen from eq. (15) of Chen et al. (2012) , seff reduced to s1 and Eeff reduced from 'E1 + E2' to 'E1'. Therefore, comparing our eq. (35) Fig. 4(a) . Simulated result of a TL peak using eqs.
(1) -(5). The same set of parameters was used as in fig. 2 (a) except s1 = 10 6 s -1 , s2 = 10 14 s -1 , s3 = 10 13 s -1 and p2 = 10 5 s -1 . Fig. 4(b) . Simulated results of a TL peak using eqs. (1) - (5). The same set of parameters was used as in fig. 4 (a) except that An = 10 0 cm 3 s -1 was significantly higher than Am = 10 -11 cm 3 s -1 . Fig. 4(b) shows simulated TL curve using the same set of parameters as in fig. 4 (b) except that An = 10 0 and Am = 10 -11 cm 3 s -1 . The retrapping probability coefficient was significantly greater than the recombination probability coefficient and thus a second-order TL peak was obtained. The symmetry factor, μg for the second-order TL peak was approximately 0.52. The kinetic parameters calculated using eqs. (38) and (39) were Eeff ≈ 0.88eV and seff ≈ 0.8 x 10 6 s -1 respectively. Comparing these numerical results with eq. (35), it is observed that the numerical results were not in very good agreement with the analytical expressions. The obtained Eeff was higher than the expected Eeff (E1) and the obtained seff was slightly smaller than the expected seff (s1). The reason for this little variance in the expected kinetic parameters could be attributed to high retrapping effect. Moreover, as the glow peak shifts to a high temperature side, the quasi-equilibrium condition becomes less satisfied (Sunta et al. (2002) ), thereby affecting the accuracy of the kinetic parameters measured by any of the methods used.
Let us examine how the exponential temperature dependence on An,eff will affect the shape of the TL peak. This effect will be examined numerically. We eliminate the second term on the right-hand side of eq. (28) Akpan Dianabasi, Ekanem Akanimo, and Ebiang Basil / Journal of Luminescence and Applications (2017) Vol. 4 No. 1 pp. 10-29 24 Taking into consideration that eqs. (2) and ( (40), (4) and (41) numerically and solving eqs. (28), (4) and (41) numerically. It must be noted that these two sets of differential equations are solved under the same assumed condition 2: p1 >> s2exp(-E2/kT) and p2 << s3exp(-E3/kT). It is observed that there is no difference in the shape of the TL curve produced as shown in fig. 5 . Therefore, the second term on the right-hand side of eq. (28) is very very small and negligible and as such does not really contribute to the shape of the TL peak. Within the confine of assumed condition 2, the exponential temperature dependence on An,eff or the second term on the right-hand side of eq. (28) has no effect on the shape of the TL peak produced. It must be noted that outside the confine of this assumed condition 2, the shape of the TL peak may be affected depending on the varied trapping parameters. (40), (4), (41) and (28), (4), (41)) produced the same TL peak. The same set of parameters was used as in fig. 2 (a) except s1 = 10 13 s -1 , s2 = 10 9 s -1 , s3 = 10 15 s -1 and p2 = 10 4 s -1 . Within the confine of assumed condition 2, the exponential temperature dependence on An,eff or the second term on the right-hand side of eq. (28) has no effect on the shape of the TL peak produced.
Akpan Dianabasi, Ekanem Akanimo, and Ebiang Basil / Journal of Luminescence and Applications (2017) Vol. 4 No. 1 pp. 10-29 25 400 (42), (4), (41) and (35), (4), (41)) produced the same TL peak. The same set of parameters was used as in fig. 2 (a) except s1 = 10 4 s -1 , s2 = 10 14 s -1 , s3 = 10 12 s -1 and p2 = 10 6 s -1 . Within the confine of assumed condition 3, the exponential temperature dependence on An,eff or the second term on the right-hand side of eq. (35) has no effect on the shape of the TL peak produced.
We also try to examine the effect of exponential temperature dependence on An,eff (from eq. (35)) on the shape of the TL peak. By eliminating the second term on the right-hand side of eq. (35), we have
Considering the fact that eqs. (2) (4) and (41) numerically. When the two sets of differential equations are solved within the same assumed condition 3: p1 << s2exp(-E2/kT) and p2 << s3exp(-E3/kT), the same glow curve will be obtained as shown in fig. 6 . It reveals that the second term on the right-hand side of eq. (35) is extremely very small and negligible. This does not have any significant contribution to the shape of the TL peak produced. Therefore, the shape of the TL peak is not affected by the second term of eq. (35). However, outside the confine of assumed condition 3, the peak shape may be affected especially as s1 increases (s1 > 10 11 ), the peak shifts towards a lower temperature region.
The evaluation of life-time of the excited signal was carried out using Wintle (1975) 
Where τ is the effective life-time, τeff; s is the effective frequency factor, seff; E is the effective activation energy, Eeff; k is the Boltzmann constant and T is the room temperature.
It is the pure first-order that will produce meaningful life-time of the excited state and non-first order cases may not produce the desired results (Chen and Pagonis (2015) ). Thus, we only use results from first-order kinetics to calculate the life-time. From fig. 2(a) , the kinetic parameters were Eeff ≈ 1.5eV and seff ≈ 1.0 x 10 7 s -1 , therefore using eq. (43) gives τeff ≈ 1.58 x 10 8 s, about 5.02 x 10 10 years. From fig. 3(a) , the kinetic parameters were Eeff ≈ 1.2eV and seff ≈ 1.0 x 10 8 s -1 , therefore using eq. (43) gives τeff ≈ 1.45 x 10 12 s, about 45,800 years. From fig. 4(a) , the kinetic parameters were Eeff ≈ 0.7eV and seff ≈ 1.0 x 10 6 s -1 , therefore using eq. (43) gives τeff ≈ 5.75 x 10 5 s, approximately 7 days. The dependency of exponential temperature on seff actually reduces the effective activation energy (as seen in eqs. (28) and (35)) and thus produces false and rapid decay of TL signal within just 7days while the other decay occurs for about 45,800 years. But in an ideal case, the real decay of the excited signal will occur very slowly for about 50 billion years. Therefore, prediction of the stability of TL signal when the sample is held at room temperature is difficult most especially when varying activation energies and frequency factors are obtained from the same model. But Chen and Pagonis (2014) have reported that if the work is done practically, the anomalous behavior should not pose a severe problem simply because its occurrence may be prevented by repeating the measurement in a low enough dose such that the relevant trap will not be in saturation.
Conclusion
A three-stage thermal stimulation model is studied. A set of simultaneous differential equations generated from the model were solved using ode 15s MATLAB solver. The model was also analyzed by assuming three conditions in order to generate analytical expressions. For assumed condition 1, Eeff was the sum of E1, E2 and E3 and seff ≈ s2s3/p2. In this case, the expected effective activation energy was obtained. For assumed condition 2, Eeff reduced from 'E1 + E2 + E3' to 'E1 + E2' and seff was reduced to s2. The reduction in Eeff occurred as a result of the dependency of exponential temperature on seff. For assumed condition 3, Eeff reduced from 'E1 + E2 + E3' to 'E1' due to the exponential temperature dependence on seff. This effect also reduced seff to s1. In all these three assumed conditions especially when considering first-order TL peak, the numerical results were found to be in very good agreement with the analytical expressions. But when considering secondorder TL peak, the numerical results were not in good harmony with the analytical expressions. The most common factor for variance between the numerical results and analytical expressions was high retrapping effect. More concrete explanation has been provided for this.
From eqs. (28) and (35), the effect of exponential temperature dependence on An,eff on the shape of TL peak was examined. It was concluded that within the confine of these assumed conditions, the exponential temperature dependence on An,eff did not have any effect on the shape of the TL peak since the second term on right-hand side of both eqs. (28) and (35) was very small and negligible. But outside the confine of the assumed conditions, the shape of the TL peak may be influenced depending on the inputted trapping parameters.
